PARTIAL REGULARITY FOR MINIMIZERS OF QUASICONVEX 
FUNCTIONALS WITH GENERAL GROWTH 
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Abstract. We prove a partial regularity result for local minimizers of quasiconvex 
variational integrals with general growth. The main tool is an improved ^-harmonic 
approximation, which should be interesting also for classical growth. 



1. Introduction 

In this paper we study partial regularity for vector-valued minimizers u : — ?> of 
variational integrals: 

(1.1) F{u) := I f{Vu)dx, 

n 

where Q, C M" is a domain and / : M^^" ^ M is a continuous function. 
Let us recall Morrey's notion of quasiconvexity 



Definition 1.1. / is called quasiconvex if and only if 
(1.2) j fi^A + V$,)dx>f{A) 

Bi 

holds for every A G M"^ and every smooth ^ : i^i — )• with compact support in the 
open unit ball Bi in M". 

By Jensen's inequality, quasiconvexity is a generalization of convexity. It was origi- 
nally introduced as a notion for proving the lower semicontinuity and the existence of 
minimizers of variational integrals. In fact, assuming a power growth condition, qua- 
siconvexity is proved to be a necessary and sufficient condition for the sequential weak 
lower semicontinuity on W'^'^{Q.MJ^), p > 1, see [25j and [1]. For general growth condi- 
tion see [20] and [31]. In the regularity issue, a stronger definition comes into play. In the 
fundamental paper |19j Evans considered strictly quasi-convex integrands / in the qua- 
dratic case and proved that if / is of class and has bounded second derivatives then 
any minimizing function u is of class C^'"(r2 \ S) where S has n-dimensional Lebesgue 
measure zero. In |T], this result was generalized to integrands / of p-growth with p > 2 
while the subquadratic growth was considered in [6]. 

In order to treat the general growth case, we introduce the notion of strictly W^''^- 
quasiconvex function, where (p is a suitable N-function, see Assumption 12.21 
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Definition 1.2. The function f is strictly W^'^- quasiconvex if and only if 
J /(Q + Vw) - /(Q) > A: J ^|q| (| Vw|) dx, 

B B 

for all balls B C Q, all Q e R^"""- and all w G C^{B), where ipa{t) ~ ip"{a + t)t^ for 
a,t > 0. A precise definition of ipa is given in Section\^ 

We will work with the following set of assumptions: 

(HI) / G C^{W) n C2(M" \ {0}), 
(H2) for ah Q G M^^" it holds 

|/(Q)|<K<^(|Q|), 

(H3) the function / is strictly W^'''^ -quasiconvex; 
(H4) for all Q G E^^" \ {0} 

|pV)(Q)|<c/'(|Q|) 
(H5) the following Holder continuity of f away from 

|Z?2/(Q) - ^V(Q + P)| < c(p"(|Q|)|Q|-^|P|^ 

holds for all P, Q G M^^" such that |P| < i|Q|. 

Due to |(H2)] T is well defined on the Sobolev-Orlicz space 14^^''^(r2, M^), see section 2. 
Let us observe that assumption |(H5)| has been used to show everywhere regularity of 
radial functionals with (/7-growth, [T2] . Following the argument given in [22] it is possible 
to prove that |(H3)| implies the following strong Legendre-Hadamard condition 

{D^f){mri®i,V®^)>c^"m)H\? 



for all T) M.^ , i W and Q G M^^" \ {0}. Furthermore, |(H3)| implies that the 
functional 

J{t) := J /(Q + tVw) - /(Q) - fc(^iQ| (t I Vw|) dx 
B 

attains its minimal value at t = 0. Hence J"{0) > 0, that is 

(1.3) j (£'V)(Q)(Vw,Vw)(ix >kj (/jj'Q|(0)|Vwp(ix > cip"{\Q\) j dx. 



B 



As usual, the strategy for proving partial regularity consists in showing an excess decay 
estimate, where the excess function is 

(1.4) <Ps{B,n) := (^^ |V(Vu) - (V(Vu))b|'^ dx^ 



with V(Q) = y ^^^i^Q and s > 1. We write ^ := <^i. Note that ^si(-B,u) < ^^^(Sju) 

for 1 < si < S2 and |V(Q)p ~ (^(IQI). 
Our regularity theorem states: 



Partial regularity for quasiconvcx functionals 



3 



Theorem 1.3 (Main theorem). Let u be a local minimizer of the quasiconvex func- 



tional (jl.ip . with f satisfying (H1) - (H5) and fix some /3 G (0,1). Then there exists 



6 = S{(3) > such that the following holds: If 

(1.5) ^(2B,u) < 5^ |V(Vu)p(ix 

2B 

for some ball B C with 2B C f^, then V(Vu) is j3-Hdlder continuous on B. 

The proof of this theorem can be found at the end of Section [6l We define the set of 
regular points TZ{\i) by 

(1.6) 7^(u) = jxo G 1^ : liminf<J(S(xo,r),u) = 0|. 
As an immediate consequence of Theorem 11.31 we have: 

Corollary 1.4. Let u be as in Theorem \1.S\ and let xq G 7^(u) with Vu ^ 0. Then for 
every (3 G (0, 1) the function V(Vu) is f3-Hdlder continuous on a neighborhood of xq. 

Note that the Holder continuity of V(Vu) implies the Holder continuity of Vu with 
a different exponent depending on ip. Consider for example the situation (p{t) = t^ with 
1 < p < oo. Therefore, /3-Holder continuity of V(Vu) implies for p < 2 that Vu is 
/3-Holder continuous and for p > 2 that Vu is /3 ^-Holder continuous. 

The proofs of the regularity results for local minimizers in |19j.[T]. [B], are based on 
a blow-up technique originally developed by De Giorgi [7] and Almgren [3], [5] in the 
setting of the geometric measure theory, and by Giusti and Miranda for elliptic systems, 



Another more recent approach for proving partial regularity for local minimizers is 
based on the so called ^-harmonic approximation method. This technique has its origin 
in Simon's proof of the regularity theorem |30j (see also AUard [2]). The technique 
has been successfully applied in the framework of the geometric measure theory, and 
to obtain partial-regularity results for general elliptic systems in a series of papers by 
Duzaar, Grotowski, Kronz, Mingione [15] [16], [T7], [18]. More precisely, we consider 
a bilinear form on Hom(R",IR^) which is (strongly) elliptic in the sense of Legendre- 
Hadamard, i.e. if for all a G M^, b G M" it holds 

A'^^ a^baa-'hp > K4|a|^|b|^ 

for some K4 > 0. The method of ^-harmonic approximation consists in obtaining a good 
approximation of functions u G W^''^{B), which are almost A-harmonic (in the sense of 
Theorem 14. ip by ^-harmonic functions h G W^''^{B), in both the L^-topology and in the 
weak topology of W^'"^. Let us recall that h G W^''^{B) is called ^-harmonic on B if 

(1.7) j AiDh,Dri)dx = 0,^7] £C^{B) 

B 

holds. Here, in order to prove the result, we will follow the second approach. 

As in the situations considered in the above-mentioned papers, the required approx- 
imate ^-harmonicity of a local minimizer u G W^'^{fl \ S) is a consequence of the 
minimizing property and of the smallness of the excess. 

Next, having proven the >l-harmonic approximation lemma and the corresponding 
approximate ^-harmonicity of the local minimizer u, the other steps are quite standard. 
We prove a Caccioppoli-type inequality for minimizers u and thus we compare u with the 
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^-harmonic approximation h to obtain, via our Caccioppoli-type inequality, the desired 
excess decay estimate. 

Thus, the main difficulty is to establish a suitable version of the ^-harmonic approx- 
imation lemma in this general setting. However, let us point out that our ^-harmonic 
approximation lemma differs also in the linear or p-growth situation from the classical 
one in [T7]. Firstly, we use a direct approach based on the Lipschitz truncation tech- 
nique which requires no contradiction argument. This allows for a precise control of the 
constants, which will only depend on the A2-condition for ip and its conjugate. In fact, 
we will apply the approximation lemma to the family of shifted N-functions that inherit 
the same A2 constants of ip. Secondly, we are able to preserve the boundary values of 
our original function, so u — h is a valid test function. Thirdly, we show that h and u 
are close with respect to the gradients rather than just the functions. The main tools in 
the proof is a Lipschitz approximation of the Sobolev functions as in [5]. However, 
since A is only strongly elliptic in the sense of Legendre-Hadamard, we will not be able 
to apply the Lipschitz truncation technique directly to our almost ^-harmonic function 
u. Instead, we need to use duality and apply the Lipschitz truncation technique to the 
test functions. 

Let us conclude by observing that here we are able to present a unified approach for 
both cases: super quadratic and subquadratic growth. 



We use c, C as generic constants, which may change from line to line, but does not 
depend on the crucial quantities. Moreover we write / 5 iff there exist constants 
c, C > such that cf <g<C f. For w e Ll^^iW') and a ball B cW we define 



where |-B| is the n-dimensional Lebesgue measure of B. For A > we denote by XB the 
ball with the same center as B but A-times the radius. For U,Q C we write U 0, if 
the closure of C/ is a compact subset of fi. 

The following definitions and results are standard in the context of N-functions, see 
for example |24t I28j . A real function p : M-*^ — t- M-^ is said to be an N-function if it 
satisfies the following conditions: ip{0) = and there exists the derivative ip' of p. This 
derivative is right continuous, non-decreasing and satisfies (p'{0) = 0, f'it) > for t > 0, 
and liuit-^oo (t) = 00. Especially, ip is convex. 

We say that p satisfies the A2-condition, if there exists c > such that for all t > 
holds p{2t) < cp{t). We denote the smallest possible constant by A2(v)- Since (p{t) < 
p{2t) the A2 condition is equivalent to 'p{2t) ~ p{t). 

By L*^ and W'^'^ we denote the classical Orlicz and Sobolev-Orlicz spaces, i. e. / G L'^ 



iff / p{\f\) < 00 and / G T^^'^ iff /, V/ G L'^. By WQ''^{n) we denote the closure of 
C^{n) in W^'^in). 

By [p'y^ : M-° M-° we denote the function 



2. Notation and preliminary results 



(2.8) 




B 



B 



{p')-\t) := sup{s G M-° : p'{s) < t}. 
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If ip' is strictly increasing then {ip'^~^ is the inverse function of p>' . Then (p* : M-*^ — )• M-'' 
with 

t 

:= ^y)-\s)ds 


is again an N-function and (v3*)'(i) = for t > 0. It is the complementary 

function of 93. Note that (/3*(t) = supj,>Q(st — (/^(s)) and ((/?*)* = 92. For all (5 > there 
exists C5 (only depending on A2(v3, 99*) such that for all i, s > holds 

(2.9) < 599(t) + C5(/J*(s), 

For 5 = 1 we have = 1. This inequality is called Young's inequality. For all i > 



Therefore, uniformly in t > 

(2.11) ^{t)r.ip'{t)t, ip*{^'it))r.ipit), 

where the constants only depend on A2{'p,ip*). 

We say that a N-function ip is of type {po,pi) with I < po < pi < 00, if 

(2.12) i;{st) <C max {sP'',sP'}i;{t) forans,t>0. 
We also write ^p G 1{po,pi, C). 

Lemma 2.1. Let ip he an N-function with ip G A2 together with its conjugate. Then 
■0 € 'Z{po,pi,Ci) for some I < po < pi < 00 and Ci > 0, where po, pi and Ci only 
depend on A2('(/'5 V'*)- Moreover, ip has the representation 

(2.13) iP{t) = (/i(t))^'"^" for all t > 0, 
where h is a quasi-concave function, i.e. 

h{Xt) < C2 max {1, \}h{t) for all X,t>0, 
where C2 only depends on A2{ip,ip*). 

Proof Let K := A2(V') and := max {A2(V'*), 3}. Then ip*{2t) < K^'p*{t) for alH > 
implies ip{t) < K:^il>{2t/ K^) for all t > 0. Now, choose po,pi such that 1 < po < pi < 00 
and K < 2P° and (K*/2)po < K^. We claim that 

(2.14) iP{st) <C max {sP'',sP'}i:{t) forans,t>0, 

where C only depends on K and K^,. Indeed, if s > 1, then choose m > such that 
2"^ < s < 2™+i. Using € A2, we get 

(2.15) ^P{st) < V'(2'"+4) < K'"+V(i) < K{2PT^P{t) < KsP^^{t). 

If s < 1, then we choose m G No such that (K*/2)™s < 1 < {Kj2)'^+^s, so that 



2 




Po(m-l) 



i^{st) < jcv'i ( ) St 1 < ^ ) m < K^s^^m- 



This proves ([2111) . 
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Now, let US define 



/ 1 \ PO 

h{u) := ipluPi-Po ju pi-po, 



then tp satisfies ()2.13p . It remains to show that h is quasi-concave. We estimate 
with (fmi) 

/ 1 \ ( PI PO 'l -PO 

h{su) < K il)(uPi-Po \ max < sPi~po , sP^~po Usu)p^~po = Kil){u) max {s,1} 

for all s,u >0. □ 
Throughout the paper we will assume that ip satisfies the following assumption. 

Assumption 2.2. Let ip be an N-function such that if is on [0, oo) and on (0, oo). 

Further assume that 

(2.16) Lp' {t) r-^ t ip" {t) 

uniformly in t > 0. The constants in (|2.16|) are called the characteristics of (p. 

We remark that under these assumptions A2{(p,(p*) < oo will be automatically satis- 
fied, where A2{'p,(p*) depends only on the characteristics of (p. 
For given ip we define the associated N-function -0 by 



(2.17) ij'it) := vW)i • 

It is shown in [HI Lemma 25] that if (p satisfies Assumption 12.21 then also <p* , ip, and 
ip* satisfy this assumption. 

Define A, V : M^^" ^ M^^" in the following way: 

(2.18a) A(Q) = v.'(|Q|)^, 

(2.18b) v(Q)=V^'(|Q|)|||. 

Another important set of tools are the shifted N-functions {'pa\a>Q introduced in [S], see 
also [ini [29]. We define for t > 

t 

(2.19) ^a{t):= l\',{s)ds with ^'^{t):=p,'{a + t)-^ 

J a + t 



Note that <Pait) ~ (p'a{t)t. Moreover, for t > a we have ^ait) ~ 'p{t) and for t < a we 
have <Pa{t) ~ ip"{a)t^. This implies that tpa{st) < cs'^ipa{t) for all s G [0, 1], a > and 
t G [0, a]. The families {^a}a>o {(v'a)*}a>o satisfy the A2-condition uniformly in 
a > 0. 

The connection between A, V and the shifted functions of f is best reflected in the 
following lemma \12\ Lemma 2.4], see also [8]. 

Lemma 2.3. Let ip satisfy Assumption \2.S\ and let A and V he defined by ()2.18p . Then 
(A(P) - A(Q)) • (P - Q) ~ |V(P) - V(Q)|' ~ (^ip|(|P - Ql), 
|A(P)-A(Q)|~^P|(|P-Q|), 

uniformly in P, Q G M^^" . Moreover, 

A(Q).Q~|V(Q)|2~(^(|Q|), 
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uniformly in Q G M^^". 

We state a generalization of Lemma 2.1 in [1] to the context of convex functions 

Lemma 2.4 (Lemma 20, [8]). Let (p be an N-function with A2((/5, (/?*) < oo. Then 
uniformly for all Po,Pi G M^^'' with |Po| + |Pi| > /loWs 

(2^20) /4EEfa<i«, v'mi + ip.i) 







|Po| + |Pi| 

where Pg := (1 — 0)Po + ^Pi- T/ie constants only depend on A2{^,ip*)- 



Note that (H5) and the previous Lemma imply that 

1 

J\D^f){P + t{Q-P)){Q-P)dt 



{Df)iQ)-{Df)iP) 





1 



P-QI 



(2-21) <c J ip"{\P + t{Q-Pmdt\ 



<c/(|P| + |Q|)|P-Q| 
<c^Q|(|P-Q|). 

The following version of Sobolev-Poincare inequality can be found in (51 Lemma 7]. 

Theorem 2.5 (Sobolev-Poincare). Let tp be an N-function with A2{p,(p*) < oo. Then 
there exist < a < 1 and K > such that the following holds. If B C M" is some ball 
with radius R and w e VF^'^(S, M^), then 

(2.22) j:^( ^^-{^)B\ ^ < (^jp-{\Vw\)dxy, 

B B 

where {w)b ■= w(x) dx. 

3. Caccioppoli estimate 
We need the following simple modification of lemma 3.1, (Chap. 5) from |21| . 

Lemma 3.1. Let ip be an N-function with tp € A2, let r > and h S L^{B2r{xo))- 
Further, let f : [r/2,r] — )• [0, 00) be a bounded function such that for all ^ < s < t < r 



Bt{xo) 

where A> Q and 6* € [0, 1). Then 



<c(^,A2(V'))^ j ^{^^]dy. 
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Proof. Since ip £ ^2, there exists C2 > and pi < 00 (both depending only on A2(V')) 
such that 'ip{Xu) < C2A^^^(ti) for all A > 1 and u > (compare (j2.15p of Lemma l2.ip . 
This implies 

f{t)<efis) + A I ^(^M^^dyC2(2rr(s-i)-^^ 

B4xo) 



=:A 

Now Lemma 3.1 in [21], with a := pi implies 



Bs{xo) 

which proves the claim. □ 

Theorem 3.2. Let u G W^^^{Q,) be a local minimizer of J- and B be a ball with radius R 
such that 2B CC il. Then 

J 93lQ|(|Vu - Q|)dx < c j "PlQli^—^-^^ 

B 2B 

for all Q G M^^" and all linear polynomials q on M" with values in M.^ and Vq = Q, 
where c only depends on n, N, k, K and the characteristics of if. 

Proof Let < s < t. Further, let Bg and Bt be balls in with the same center and with 
radius s and t, respectively. Choose rj € C^{Bt) with xBs ^ V ^ XBt and |Vr/| < c/ (t—s). 
Now, define ^ := ^^(u — q) and z := (1 — r]){u — q). Then + Vz = Vu — Q. Consider 



I := J /(Q + VO-/(Q)dx. 



Then by the quasi-convexity of /, see (H3) follows 

I>cJ V9|Q|(|V^|)dx. 

Bt 

On the other hand since + Vz = Vu — Q we get 

1 = 1 /(Q + V^)-/(Q)dx 



Bt 



I /(Q + V^) - /(Q + V^ + Vz) dx 

Bt 

+ I /(Vu) - /(Vu - V^) dx 

Bt 

J /(Q + Vz)-/(Q)dx 



Bt 

--: II + III + IV. 
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Since u is a local minimizer, we know that (///) < 0. Moreover, 

1 

II + IV = j j {{Df){q + tVz) - iDf){Q + V^-tVz))Vzdtdx 

Bt 

1 

= j j {{Df){Q + tVz)-{Df){Q)Vzdtdx 

Bt 

1 

1 1 {{Df){Q + V^-tVz) - {Df){Q))Vzdtdx. 



Bt 



This proves 



\II\ + \IV\<c j j ip\(^^{t\Vz\)dt\Vz\dx 



Bt 

1 

+ cj y v9jQ|(|V^ - tVz|)(it|Vz| 

Bt 

Using (/^jQ|(|V^ - tVz|) < cv9|q|(|V^|) + C99jQ|(|z|), we get 

|//| + |/^| <c J 99|Q|(|Vz|)(ix + c J v;|Q|(|V||)|Vz|dx 
Bt Bt 

<c J (^iQi(lVzl)dx + !(/), 



where we have used Young's inequality in the last step. Overall, we have shown the 
a priori estimate 

(3.23) J 99|Q|(|V^|)dx<c J v9|Q|(|Vz|)dx. 

Bt Bt 

Note that Vz = (1 — r/)(Vu — Q) — V??(u — q), which is zero outside Bt \ Bg. Hence, 
j '^\ci\{\^i\)dx <c j y|Q|(|Vu- Q|)dx + c j (/?|Q|^ ^"_^^ ^ rfx. 

Bt Bt\Bs Bt 

Since -q = 1 on Bg, we get 

y </^|Q|(|Vu- QDdx < c j y^|Q|(|Vu- Q|)dx + c J 9^|Q|(^ ^"_^^ 

Bs Bt\B, Bt 

The hole-filling technique proves 

j 93|Q|(|Vu - Q|)dx < A j (^|Q|(|Vu - Q|)dx + c ^ 99|q| dx 

Bs Bt Bt 

for some A € (0,1), which is independent of Q and q. Now Lemma 13.11 proves the 
claim. □ 



dx. 
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Corollary 3.3. There exists < a < 1 such that for all local minimizers u € W^^^{Q) 
ofT, all balls B with 2B CC and all Q G M^^" 

j |V(Vu) - V(Q)p dx<c(^j |V(Vu) - V(Q)p" dx 

B 2B 

Proof. Apply Theorem 13.21 with q such that (u — q)2_B = 0. Then use Theorem 12.51 with 
w(x) = u(x) — Qx. □ 

Using Gehring's Lemma we deduce the following assertion. 

Corollary 3.4. There exists sq > 1 such that for all local minimizers u € W^^^{^1) of 
T, all balls B with 2B ^ and a// Q e M^^" 

j I V(Vu) - V(Q) p"" dn^ ^" - ''j 1^^^") ~ V(Q) p dx. 

B 2B 



4. The ^-harmonic approximation 

In this section we present a generalization of the ^-harmonic approximation lemma 
in Orlicz spaces. Basically it says that if a function locally "almost" behaves like an 
^-harmonic function, then it is close to an ^-harmonic function. The proof is based on 
the Lipschitz truncation technique, which goes back to Acerbi- Fusco [1] but has been 
refined by many others. 

Orginally the closeness of the function to its ^-harmonic approximation was stated 
in terms of the L^-distance and later for the non-linear problems in terms of the L^- 
distance. Based on a refinement of the Lipschitz truncation technique [llj . it has been 
shown in [13] that also the distance in terms of the gradients is small. 

Let us consider the following elliptic system 

-daiA^fn^u^) = -do^Hf in B, 

where a, P = 1, . . . ,n and i,j = 1, . . . N. We use the convention that repeated indices are 
summed. In short we write — div(^Vu) = — divG. We assume that A is constant. We 
say that A is strongly elliptic in the sense of Legendre-Hadamard if for all a € M^, b G M" 
holds 

Af^^a^baa^bjs > /{4|ap|bp 

for some Kj[ > 0. The biggest possible constant Kj[ is called the ellipticity constant of A. 
By we denote the Euclidean norm of A. We say that a Sobolev function w on a 
ball B is ^-harmonic, if it satisfies — div(^Vw) = in the sense of distributions. 

Given a Sobolev function u on a ball B we want to find an ^-harmonic function h 
which is close the our function u. The way to find h is very simple: it will be the A- 
harmonic function with the same boundary values as u. In particular, we want to find a 
Sobolev function h which satisfies 

- div(^Vh) = on B 

(4.24) 

h = u on dB 

in the sense of distributions. 
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Let w := h— u, then (j4.24p is equivalent to finding a Sobolev function w which satisfies 

- div(^Vw) = - div(.AVu) on B 

^^'^^^ w = ondB 

in the sense of distributions. 

Our main approximation result is the following. 

Theorem 4.1. Let B <ZC1 he a hall with radius tb and let B <Z denote either B 
or 2B. Let A he strongly elliptic in the sense of Legendre-Hadamard. Let ip he an N- 
function with A2{'tp,ip*) < oo and let s > 1. Then for every e > 0, there exists 5 > 
only depending on n, N, ka, \A\, A2{ip,ip*) and s such that the following holds: let 
u G W^'^'{B) he almost ^-harmonic on B in the sense that 



(4.26) 



J AVu-V^dx < 6 \Vu\dx\\V^\\^o 

B B 



'(B) 



for all ^ G Cq^{B). Then the unique solution w G Wq {B) of (j4.25p satisfies 
(4.27) j^^{y^^ dx+ j ^{\Vvj\)dx <ei (^j {'ip{\Vvi\)y dx^ ' +jij{\Vu\)dx 



B B ^ B 



B 



The proof of this theorem can be found at the end of this section. The distinction 
between B and B on the right-hand side of (j4.27p allows a finer tuning with respect to 
the exponents. \{ B = B, then only the term involving s is needed. 

The following result on the solvability and uniqueness in the setting of classical Sobolev 
spaces Wq''^{B ^M.^) can be found in Lemma 2]. 

Lemma 4.2. Let B CC Vt he a hall, let A he strongly elliptic in the sense of Legendre- 
Hadamard and let 1 < q < oo. Then for every G G L'^{B,'K^^"'), there exists a unique 
weak solution u = T^G G Wd'^(S,M^) of 

- div(^Vu) = - div G on B, 

^^'"^^^ u = on dB. 

The solution operator Tj^ is linear and satisfies 

lt'^^.AG||^9(5) < c ||G||j^,(5), 

where c only depends on n, N, K4, j^| and q. 

Remark 4.3. Note that our constants do not depend on the size of the hall, since the 
estimates involved are scaling invariant. 



Let T_/[ be the solution operator of Lemma [4. 2[ Then by the uniqueness of Lemma [4.2| 
the operator T^ : L^(S,]R^^") W^''^{B,R^) does not depend on the choice of g G 



(1, 00). Therefore, T4 is uniquely defined from Ui<g<oo -^''(^' M^^") to Ui<g<oo Wq'\B, 
We need to extend Lemma [4. 21 to the setting of Orlicz spaces. We will do so by means 
of the following real interpolation theorem of Peetre \27\ Theorem 5.1] which states, that 
whenever tp is of the form (j2.13p , then L^ is an interpolation space between LP° and L^^ . 
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Theorem 4.4. Let ip be an N-function with A2{ip,ip*) and po, pi as in Lemma \2.1[ 
Moreover let S be a linear, bounded operator from L^^ — > L^^ for j = 0, 1. Then there 
exists K2, which only depends on A2('i/'> "0*); '^^^^ ihe operator norms of S such that 

\\Sf\\^<KM^ 
^i\Sf\/K2)dfi< [ m\)dt^ 



for every f G L^ . 

This interpolation resuh and Lemma 14.21 immediately imply: 

Theorem 4.5. Let B d be a ball, let A be strongly elliptic in the sense of Legendre- 
Hadamard and ip be an N-function with A2{ip,tp*). Then the solution operator T4 of 
Lemma \4-2\ is continuous from L''^'{B,'K^^''^) to Wq'^{B,M."') and 



(4.29) 



i;{\VTAG\) dx < c j ^{\G\)dx, 

B B 



for all G G L'^(S,M^^"), where c only depends on n, N, k^, \A\, A2{ip,ip*). 

Remark 4.6. Since ip satisfies ()2.12p for some 1 < po < pi < 00 it follows easily that 
L^'[B) ^ LP°{B) for every ball B C ft. From this and the uniqueness in Lemma \4-^ 
the solution of (|4.28p is also unique in Wq'^{B,M.'^). 

Since A is only strongly elliptic in the sense of Legendre-Hadamard, we will not be able 
to apply the Lipschitz truncation technique directly to our almost ^-harmonic function 
u. Instead, we need to use duality and apply the Lipschitz truncation technique to the 
test functions. For this reason, we prove the following variational inequality. 

Lemma 4.7. Let B dO. be a ball and let A be strongly elliptic in the sense of Legendre- 
Hadamard. Then it holds for all u G W^'^ {B) that 



(4.30a) ||Vu|| , ~ sup AVu-V^dx, 

I|V4||^.<1^ 

(4.30b) [ij{\Vu\)dx^ sup [ AVu-\7$dx- [ i;*{\V$\)dx 

J £eCS°(B) IJ J 



B " B B 



The implicit constants only depend on n, N, K4, \A\, A2{ip,ip*). 

Proof. We begin with the proof of ()4.30ap . The > estimate is a simple consequence of 
Holder's inequality, so let us concentrate on <. Since (L^')* = L^^ ^ (with constants 
bounded by 2) and C^{B) is dense in L^^'^fl), we have 



|Vu||,^ < 2 sup / Vu -ndx, 

HgC^(-B,K^X") ■ 



I|H||^*<1 « 
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Define A by A'^f := Aj"', then — div(^Vu) is the formal adjoint operator of — div(^Vu) 
In particular, using ()4.28p 



(4.31) 



Vu H = 

B B 



Vu • AVT-jH dx 



AVu-VT-jHdx. 



Hence, 



|Vu||^<2 



< 4 



B 



sup / AVu-VTjHdx 

HeC^{-B,K^'<") 
I|H||^.<1 

sup pVu||^^(^)||Vr^H|| 

I|H||^.<1 



where we used in the last step Theorem 14.51 for T-j and ip* . This proves (|4.30ap . 
Let us now prove ()4.30bp . The estimate > just follows from 

AVu-V^dx - J ip*{\V^\)dx< j il){\A\\Vu\)dx 



B B B 

<c{\A\) j V(|Vu|)dx, 

B 

where we used |^Vu • V^| < |^||Vu||V^|, Young's inequality and il) G A2. 
We turn to < of (|4.30bp . Recall that 

= ^(t) = sup {ut - Tp*{u)) , 

where the supremum is attained at n = ip'{t). Thus the choice H := ^'(|Vu|)|^^ (with 
H = where Vu = 0) implies 



B 



ip{\Vu\) dx < sup 

Hg(L'^*(_B,R^X")) 



j Vu-Udx- j V*(|H|)(ix 



B 



Using we estimate with ()4.3ip 

/ il;{\S/u\)dx < sup / 

B ^ ' ' B 

By Theorem 14.51 there exists c > 1 such that 



^Vu • Vr^H dx 



i;*i\U\)dx 



j i;*i\VTjiM\)dx <c j V*(|H|)(ix. 



B 
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This proves the following: 



/ ^(|Vu|) dx < sup 

J IlG(L^*(B. 



< sup 



j AVu-WT-jHdx -c j il)*{\VT-jR\)dx 

B B 

j AVn-V$,dx-c j V'*(|V^|)cix 



B 



We replace u by cu to get 



B 



c|Vu| ] dx < c sup 

^eL**(-B,IR^) 



AVu ■ dx 



I rm\) 



dx 



B 



Now the claim follows using ip € A2 on the left-hand side and the density of Cq°{B, 
in L'/'*(5,M^) (using i/'* G A2). 



□ 



Moreover, we need the following result of \13\ Theorem 3.3] about Lipschitz truncations 
in Orlicz spaces. 

Theorem 4.8 (Lipschitz truncation). Let B d Q. be a hall and let ip be an N-function 
with A2{ip, < 00. // w S Wq'^{B, M.^), then for every niQ € N and 7 > there exists 
A G [7, 2'"''7] and w;^ G Wq'^{B,M.^) (called the Lipschitz truncation) such that 

IIVwaIL <cA, 



B 



V'dVw.lxiw.^w}) dx < c^(A)K^^^^ < 



\Vw\)dx 



j^P{\Vwx\)dx<cjlP{\Vw\) 



B 



dx. 



The constant c depends only on A2{ip,ilj*), n and N. 
We are ready to prove Theorem 14.11 

Proof of Theorem \4-l\ We begin with an application of Lemma 14.71 



(4.32) 



/'(/'(|Vu|) dx < c sup 
i€Cg°(B. 



j AVvi -Vidx-j I) dx 



B " B B 

In the following let us fix ^ G Cq°{B). Choose 7 > such that 



(4.33) 



4^" 



\i)=jr{\^i\)dx. 



and let mo € N. Due to Theorem 14.81 applied to -0* we find A G [7,2™''7] and G 



WI'°^{B) such that 
(4.34) 

(4.35) 



(4.36) 



|v^aIIoo<cA, 



V'*(A)%^ < ^-frm\)dx 



\B\ 



mo. 



jr{\yix\)dx<cjr{\yi\)dx. 
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Let us point out that the use of the Lipschitz truncation is not a problem of the regularity 
of ^ as it is Cq°. It is the precise estimates above that we need. 
We calculate 

j^AVu-V^dx = j^AWu V^^ dx + ^^Vu- V(^ - dx=:I + II. 

B B B 

Using Young's inequality and (|4.36p we estimate 



j ^(|Vu|x{4^g j) dx + ^j V'*(|V^|) dx =: Ih + Ih, 



B 

< C 

B B 

where c depends on |^|, A2(^,^*). With Holder's inequality we get 



Ih<c( j {^/;{\Vu)\)y dx 



\B\ 



If follows from (|05]) . (fOHl) and A > 7 that 

\B\ ~ mQip*{X) ~ niQ 

Thus 



B 

We choose mo so large such that 



//i<c(^(^(ivu)i))^rfxy(^y \ 



//i<|(/(V'(|Vu)|))^(ix 



B 

Since u is almost ^-harmonic and ||V^;^||j^ < cA < c2™0 7 we have 
|/| <6j\Vu\dx\\V$^\\^ < 5 j \Vu\dxc2"'°-f. 

B B 

We apply Young's inequality and ()4.33p to get 

|/| < (52™Oc( /'(/'(|Vu|)dx + ^*(7) 



B 



< (52™o c ^ ( I Vu I ) + 52'"« c V'* ( I I ) . 
B B 
Now, we choose (5 > so small such that 52"^" c < e/2. Thus 

|/| < |^^(|Vu|)dx + ^^rdV^Ddx. 



16 



L. Diening, D. Lengelcr, B. Stroffolini, A. Verde 



Combining the estimates for /, // and Hi we get 

jAVM-Vidx <ei (^j^ {iPilVuDY dx^ ' + j i>{\Vu\) dxj + j ^* {\V i\) dx . 

B ^ B § ' B 

Now taking the supremum over ah ^ e C^{B) and using ()4.32p we get 

jip{\V^\)dx < e( (^j^ {i;{\Vu\)y dx^ ' +^ V(|Vu|) j . 
B ^ B B ^ 

The claim fohows by Poincare inequahty, see Theorem 12.51 □ 

5. Almost ^-harmonicity 
The fohowing result is a special case of O Lemma A. 2]. 
Lemma 5.1. Let B CM.'^ be a ball and w G W^'^iB). Then 

j\V{Vw) - {V{\7w))b\^ dx j \V{Vw) -V{{Vw)b)\^ dx. 

B B 
The constants are independent of B and w; they only depend on the characteristics ofip. 

Lemma 5.2. There exists 5 > 0, which only depends on the characteristics of ip, such 
that for every ball B with B CC and every u S W^'^{B) the estimate 



(5.37) ^|V(Vu) - (V(Vu))i3|^dx < 5 j \V{Vu)\ 



^ dx 



implies 

(5.38) ^|V(Vu)|2dx<4|V((Vu)B)|', 

B 

(5.39) ^|V(Vu) - (V(Vu))Bp(ix < 4 5 jV((Vu)B) |^ 

B 

Proof. It follows from ()5.37p and Lemma l5. II that 

j |V(Vu)|2 < 2 ^ |V(Vu) - V((Vu)b)|2 dx + 2 |V((Vu)b)|' 

B B 

< c j |V(Vu) - (V(Vu))b|' dx + 2 |V((Vu)b)P 

B 



< 6c j \V{\/u)f dx + 2\V{{Vu)B)\'^■ 



FoY small 5 we absorb the first term of the right-hand side to get ()5.38p . The remaining 
estimate ()5.39p is a combination of ()5.37p and ()5.38p . □ 
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Lemma 5.3. Let u be a local minimizer of J-. Then for every ball B with 2B CC $7 and 
every Q G M^^" it holds 



J (f\Q\{\Vu - Q,\)dx < cip\Q\(^J |Vu - Ql dx 



B 2B 

Proof. From Corollary 13.31 we get 

^(/.|Q|(|Vu - Ql) < c (^^ (/.|Q|(|Vu - Qir (ix 

B 2B 

We can apply then Corollary 3.4 in [3] to conclude. □ 

Lemma 5.4. For all e > there exists 5 > 0, which only depends on e and the charac- 
teristics of if, such that for every ball B with B CC and every u G W^'^{B) 

(5.40) j I V(Vu) - (V(Vu)) B\^dx<5 j | V(Vu) p dx 

B B 

implies 

(5.41) j\Vu- {V\i)B\dx <£\{Vm)b\. 

B 

Proof. Let Q = (Vu)^. Then, by Jensen's inequality and Lemma 15.21 we get 

9'|(Vu>b|(^^ |Vu- (Vu)Bl(ix^ <^(/9|(Vu>b|(|Vu- {V\i)B\)dx 



B B 



< c j \V{Vu) -Y{{Vu)B)f dx 

B 

<6c\V{{Vu)b)\^ 
<6cipi\{Vu)B\) 

< (5cv3|^v^^^|(|(Vu)b|). 

For the last inequality we used the fact that (p{a) '■Pa{o) for a > 0. Using the A2- 
condition of '/?|(vu)s| it follows that for every e > there exists a 5 > such that 

^|Vu- {V\i)B\dx < e|(Vu)B|. 

B 

□ 

Note that the smallness assumption in ()5.40p automatically implies that (Vu) _b 7^ 
(unless Vu = on B). So the smallness assumption ensures that in some sense in the 
non-degenerate situation. 

Lemma 5.5. For all e > there exists 5 > such that for every local minimizer 
u € W^^^{Q.) of F and every ball B with 2B CC and 



(5.42) j |V(Vu) - (V(Vu))2b!' dx<6 j |V(Vu)| 



^ dx 



2B 2B 
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there holds 



(5.43) 



j D^f{Q)(yu-Q,V$dx < e^"{\Q\)j |Vu - Q| dx||V^ | 

2B 



B 



for every ^ € C^{B), where Q := (Vu)2B. In particular, u is almost A-harmonic (in 
the sense of Theorem\4A\) , with A = D"^ f {Q) / ip" {\Q\) . 

Proof. Let e > 0. Without loss of generality we can assume that (5 > is so small that 
the Lemmas 15.21 and 15.41 give 



(5.44) 
(5.45) 



^|V(Vu)|2dx<4|V(Q)p, 

23 

j |Vu -Cl\dx <e |Q|. 



2B 



From the last inequality we deduce 

(5.46) </."(|Q|) (^^|Vu-Q|dx^ ^<^IQlj^^|Vu-Q| 



dx 



2B 



2B 



Since the estimate ()5.43p is homogeneous with respect to ||V^||j^, it suffices to show 
that ([05]) holds for ah ^ G C^{B) with ||V^||^ = f 1^" " Ql ^x. Hence, because of 
()5.46p it suffices to prove 



(5.47) 



j Z)2/(Q)(Vu - Q, VO dx < ec<^iQ| |Vu - Q| dx^ 

B 2B 



for all such ^. We define 



: 

B< : 



{x e B : \Vu-Q\> llQI}, 
{xeB : \Vu-Q\< i|Q|}. 



From the Euler-Lagrange equation we get (Z)/(Vv) — Df{Q)^ : V^dx = 0, and 
therefore 

j D^f{Q){Vu-Q,V^)dx 

B 

1 

= -f J {D^f{Q)-D^f{Q + e{Vn-Q))){Vu-Q,V^)de 



dx. 



B 
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> 



We split the right-hand side into the integral / over B- and the integral // over B^. 
Using (H4) we get 

1 

\I\<cjxB> J (/(|Q|) + /(|Q + ^(Vu-Q)|))d0 |Vu-Q||V^Mx 

B 

<c-fxB> (/'(IQI) + ^"m\ + |Vu - QD) |Vu - QIIV^I dx 



<cjxB> (|Vu - QI^'(IQI) + c^|q|(|Vu - QDIQI) dx ^ 

B 

< ecjxB>{\^^ - Qk'(IQI) +^Q|(|Vu - QDIQI) dx. 



IQI 



We used Lemma 12.41 for the second, Assumption 12.21 for the third and ()5.45|) for the last 
estimate. Now, using |Q| < 2 |Vu — Q| on i?- and ipa{t) ~ ip{t) for < a < t we get 

\I\<ecj Xb> ('/'(IVu - QI) + </^|Q|(|Vu - QD) dx 

B 

< j ip\Q\{\yM - q,\)dx. 

B 

Let us estimate the modulus of //. Using [(H5)| and |Vu — Q| < ||Q| on B"^ we get 

\n\<cjxB<^"mm\~^'WvL-ci\'+p'\vi\dx, 

B 

where /?i := min {sq, /3} with the constant sq from Corollarv l3.4l Using Young's inequality 
we get 



i//i < iv"m\wi\\lo + cy-f XB<v'"(iQi)iQr'^^ivu - Q 

B 

7c^|Q|(||V^||J + c,(v.(|Q|))-/^^^XB<(/'(IQI)|Vu-Qp)^+'^^dx 

B 

<-icj <^|Q|(|Vu - QD dx + c,{^{m)-^^ j XB< ('^iQldVu - Q|))'+''^ 





B 

^ ' ' r \\^\ \ \\ ■ woo ' ' - I \ r \i ^ I / / 

dx 

2B B 

<icj |V(Vu) - V(Q)|2(ix + c^{ip{\Ct\))-^^ j |V(Vu) - V(Q)|2(^+'^i) dx. 

2B B 

Here we used ()5.46p for the second and Jensen's inequality, ip"{a)t^ ~ fait) for < t < a 
and |Vu — Q| < ^|Q| on i?^ for the third estimate. With the help of Corollarv 13.41 we 
get 

\n\<icj |V(Vu)-V(Q)pdx + c^MQD)-''^(^ |V(Vu)-V(Q)pdx' ''''' 

2B 2B 
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Using the assumption ()5.42p , Lemma 15.11 and (j5.44|) it follows that 

\ll\<icj I V(Vu) - V(Q) p dx + c^5^^ j I V(Vu) - V(Q) 1^ dx. 

2B 23 

Choosing 7 > and then 5 > small enough we get the assertion. □ 

6. Excess decay estimate 

In this section we will focus on the excess decay estimate. Therefore, we compare the 
almost harmonic solution with its harmonic approximation. 

Proposition 6.1. For all e > 0, there exists 6 = 6{(p^£) > such that the following is 
true: if for some ball B with 2B ddVt the smallness assumption (|5.42p holds true, then 
for every r € (0, 1] 

(6.48) ^(rS,u) < cT2(l + eT-"-2)<^(2B,u), 

where c depends only on the characteristics of (p and is independent of e. 

Proof. It suffices to consider the case r < \. Let So be as in Corollary 13.41 Let q be a 
linear function such that (u — q)2B = and Q := Vq = (Vu)2B. Define z := u — q. Let 
h be the harmonic approximation of z with h = z on dB. It follows from Lemma [5.5l that 
z is almost .A-harmonic with A = D^/(Q)/(^"(|Q|). Thus by Theorem 14.11 for suitable 
5 = 5{ip,e) and by Theorem 14.11 the ^-harmonic approximation h satisfies 

^(/.|Q|(|Vz-Vh|)dx<6|'(^^(^j^^|(|Vu-Q|)dx) +^^IQl(|Vu-Q|)dA 

B ^ B 2B ' 

Now, it follows by Corollary 13.41 that 

(6.49) ^(^|Q|(|Vz - V\\\)dx < c£^{2B,u). 

B 

Since Vz = Vu — Q and {'Vz)t-b = (Vu),-^ — Q, we get 
4>{tB,u) <c j ipiQiilVz- {\7z)rB\)dx 

tB 

< c^99|Q|(|Vh- (Vh),B|)(ix + c -^(^IQldVz- Vh|)dx 



rB tB 

--:! + II. 



For the second estimate we used Jensen's inequality. Using ()6.49p we obtain 
// < r""c ^(^|Q|(|Vz- Vh|)dx < r-"ce^'(2S,u). 

B 

By the interior regularity of the >i-harmonic function h, j21j . and r < ^ it holds that 
sup |Vh- (Vh)^ij| < erf |Vh- {Vh)B\dx. 

tB J 
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This proves 



B 



Using the estimate ^^{st) < si{j{t) for any s G [0, 1], t > and any N- function ■0, we would 
get a factor r in the estimate of /. However, to produce a factor r^, we have to work 
differently and use the improved estimate (pa{st) < cs'^ipa{t) for all s S [0, 1], a > and 
t G [0, a]. We begin with 



^|Vh- {Vh)B\dx <J\Vz- {Vz)B\dx + 2 J \Vz-Vh\dx 

B B B 

= ^|Vu- {'Vu)B\dx + 2 j- \Vz-Vh\dx, 



B 



which implies 



I < c(^|Q| ~j' \^'^ ~ (^u)bI dx^ + CT(^|Q| |Vz — Vh| dx^ . 

B B 

Due to ()5.45p . we can use for the first term the improved estimate (pa{st) < cs^ipa{t), 
which gives 

/ < CT^ V3|Q| |Vu — (Vu)b| dx^ + CT99|Q| (^-j- |Vz — Vhj dx^ 

B B 

<CT^ j "^IQI (|Vu - (Vu)bI) dx + ct j ^iQi{\Vz - Vh|) dx. 

B B 

Thus using ()6.49p we get 

/ < cT^'P{B,u) + cTe<P{2B,u) < c{t^ +er) <P{2B,u). 
Combining the estimates for / and // we get the claim. □ 

It follows now, by a series of standard arguments, that for any /3 G (0, 1), there exists 
a suitable small 5 that ensures local C'^'^-regularity of V(Vn), which implies Holder 
continuity of the gradients as well. 

Proposition 6.2 (Decay estimate). For < /3 < 1 there exists 6 = 5{ip,l3) > such 
that the following is true. If for some ball B C il. the smallness assumption ()5.42p holds 
true, then 



(6.50) ^{pB, u) < cp^P^{2B, u) 

for any p G (0, 1], where c = c{ip) depends only on the characteristics of if. 

Proof. Due to our assumption, we can apply Proposition 16.11 for any r. Let 7(5, r) : = 
CT^ {1 + eT~"~2) as in (j6.48p . Let us fix r > and e > 0, such that 7(e, r) < 
mm {(T/2)2/3,i}. Let 6 = 6{ip,e) chosen accordingly to Proposition 16.11 and also so 
smah that (1 + t-"/2)5V2 < 1, By Proposition O we have 

(6.51) ^{tB, u) < min {(r/2)2'^, \}^{2B, u). 
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We claim that the smahness assumption is inherited from 2B to tB, so that we can 
iterate (j6.5ip . For this we estimate with the help of our smallness assumption 

1 1 

2 , ,1 / f ^ \ 2 



\Y{Vu)\' dxj < (<^(2B,u))5 + j(V(Vv))2B-(V(Vv)),B|+ l^y- dx 

2B tB 

< {<P{2B, u)) 5 + T-"/2 (^(2S, u))^ + I V(Vv) 1^ 

tB 

< (1 + T-"/2) 1^ ^ I V(Vu) l^dxy + I V(Vv) p dx^ . 

2B tB 

Using (1 + r-"/2),^i/2 < 1 , we get 

j \V{Vu)fdx <4: j \V{Vv)\^dx. 

2B tB 

Now (|6.5ip and the previous estimate imply 

^{tB, u) < ^^2B, u)<^5j |V(Vu)|^ dx-csj |V(Vu)p dx. 

2B tB 

In particular, the smallness assumption is also satisfied for tB. So by induction we get 

(6.52) <P{{T/2f2B, u) < m.m{{T/2ff^^,A-^} <P{2B, u), 

which is the desired claim. □ 

Having the decay estimate, it is easy to proove our Main Theorem. 

Proof of the Main Theorem \1.3[ We can assume that (|5.42p is satisfied with a strict in- 
equality. By continuity, ()5.42p . holds for B = B[x) and all x in some neighborhood of 
xq. By Proposition 16.21 and Campanato's characterisation of Holder continuity we deduce 
that V(Vu) is /^-Holder continuous in a neighbourhood of xq- □ 
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